Mathematics Specialist Units 3 & 4 Revision Series 02 Complex Numbers |I

02 Complex Numbers Il

Calculator Free

1. [13 marks: 2, 2,2, 3, 4] [TISC)

(a) Sketch the region in the Argand Plane defined by {z : Im(z) = |Re(z) + 1/}.
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Calculator Free

1. () (i) Letz=rcis® where0 <0 <n. Show that Arg(z") =26

(ii) Sketch the region in the Argand Plane defined by {z : Arg(z2) > —?23}

Im
Sl
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(d) Describe the complex set that defines the region in the Argand Plane shown
below.

Im
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Calculator Free

2. [8 marks: 2, 2,2, 2] [TISC]

() Sketch the region in the Argand Plane defined by {z: lz+i | =1).
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Calculator Free

2. (c) Sketch the region in the Argand Plane defined by
(z:] z|=arg (z) where 0 < arg (z) < 2m}.

(d) Sketch the region in the Argand Plane defined by
{z:z=cos 0 +1sin 6 where —n <0 <n}.
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Calculator Free

3. [10 marks: 2, 2, 3, 3] [ TISC]

(@) Sketch the region in the Argand Plane defined by {z: | z | = E}.
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Calculator Free

3. (c) Consider the region in the Argand Plane defined by (z : z°= 2i }.
Letz=x+1y where x and y are real numbers.

(1) Show that the Cartesian equation of this region is given by x" = 1.

(11) Hence, show that this region consists of exactly two points.
Mark these two points clearly on the axes below.

Im

© O.T. Lee 15
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Calculator Free

4. [10 marks: 2, 2, 3, 3| [TISC]

e
(@) Sketch the region in the Argand Plane defined by { z: 2| = > 1.
Im

Re

(b) Sketch the region in the Argand Plane defined by {z: [arg(z)| = E}.
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Calculator Free

4. (c) Sketch on the diagram below the locus of the point z defined by:
(z:lz+3+2i] +|z-4+2i] =7).

Re

= = . ] = == = -= = O o W e N o A aE

(d) Region R in the Argand Plane is defined by {z: [z-1| < |z+1i]}.
Region R can also be described in Cartesian form by the inequality
ax + by 2 0. Find a and b. [Hint: Use a sketch.]
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Calculator Free

5. [11 marks: 2, 2, 3, 4] [TISC]

(a) Sketch the region in the Argand Plane defined by { z : | z | =5}.
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(b) Sketch the region in the Argand Plane defined by { z : arg(z ) = lf-].
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Calculator Free

5. (c) Sketch on the diagram below the locus of the point z defined by:

F = = = 83 & & & & & o & o = = = = = = =

--------

- - = |5 = = = = - E m = = = = = = - - -

-------------------

--------------------

(d) Find, in its simplest form the Cartesian equation of the locus of the point z
defined by [z-1-i| =Re (z+3+4i).

© O.T. Lee 19
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Calculator Free

6. [12 marks: 2,3, 7] [TISC]

(@) Sketch on the diagram below the locus of the point z defined by:

(z:]z-2i] 21).
Yy
p'l"h.
TS | S — .

t

(b) Find, in simplest form the Cartesian equation of the locus of the point z
defined by |z-1|=]z-1+2il.

© O.T. Lee 20
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Calculator Free

6. (c) Consider the complex numbers u =2 + 2i and v = -3 + 3/3 i.
T'he Argand diagram below shows the points P, Q, R, Sand T.

......... “10 y .
! ' "
- o . - |' l
I | i
; i , 3
S . . T . :
I I . ] ]
1 i : -1 r i r
i r
L i = - r - "y .~ r
i ] ' B ]
= & g - o= an -11-5 -----------------------
r " L
. " = - il . k. = dl & a3 i
I) ' :
, @ ; e d . t ‘
1 | i’ ’
i - " (]
- L - J I_
’ i i i Sr i
i
, > Re
—
1 r i
- 9 —— -~ o= - = PR T r
L L v '
F [ - = 4 - - - d = al g & ks - -
i ! i [ ] ]
L 4 ' d s 'u =i Fo 2% al ade ol L
: i J
r i J L
L I Q..l-_5 R A e A I -
I i f
'l- : .'-.I I-
' t L L
r il ek el Tl =g rprpoegla=s r
; . ) .
. - = gm = - n = - F
B ]
. i - - v
' i 0 i
o ':10 | ——— = = s w' L

Describe the complex numbers represented by each of the points Q, R, S and
T using the complex numbers # and v and/ or their conjugates.
For example, the point P represents v — u.
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Calculator Free

7. [11 marks: 7,2, 2] [TISC]

(@) The complex number z where |z| <1, is represented by the point P as
marked in the Argand diagram below.

‘
‘‘‘‘‘‘‘
--------
--- & m

..................

Mark clearly on the diagram above the points representing the complex
numbers:

(i) z (ii) 2 (i) z (iv) l

© O.T. Lee 22 o
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Calculator Free

7. (b) The complex numbers z, and z, are represented by the points A and B in
the Argand diagram below. The complex numbers z, and z, can also be

represented by the vectors OA and OB respectively.

Im
M

(i) Describe the vector AB using the complex numbers z, and z, where

appropriate.

(ii) zis a complex number represented by the point Z such that z, -z, =1z.

Mark on the Argand diagram above the position(s) of the point Z.

© O.T. Lee 23
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Calculator Free

8. [13 marks: 8, 5] | TISC]

(@) The complex number z where |z| =1, is represented by the point P as
marked in the Argand diagram below.

m
2
P
\
R i 2 e
-2

Mark clearly on the diagram above the points representing the complex
numbers:

(i) -z (ii) —i z (iii) z + Z (iv) zx Z

© O.T. Lee o Y
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Calculator Free

8. (b) The locus of the complex number z satisfies the equation z-1] = |7 .

Find the Cartesian equation of the locus and hence sketch the locus of z
in the Argand diagram provided below.

m
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Calculator Free

9, [7 marks: 3, 2, 2] [TISC]

a+4i . :
+ —— where a is a real constant.

[ 141

The complex number z is defined by z =

(@) Rewrite z in the form x + y i where x and y are real.

(b) Find the value of a if z lies on the line Im(z) = — Re(z).

- | 3
(c) Show that z cannot lie on the curve arg(z) = —f

© OT.Lee 26
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Calculator Assumed

10. [8 marks: 3, 5] [TISC]

Letw=x+y1.

(a) It % =1, show that w lies on the line with equation x = -‘;12- .
(b) If li = 3, show that w lies on a circle. Find the equation of this circle.
— W

© OT. Lee o | 27
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Calculator Assumed

11. [8 marks]

z—l+2i=
Find the Cartesian equation of the locus. Hence sketch the locus of z.

The locus of the complex number z satisfies the equation 2.

© O.T. Lee . 28
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13. [6 marks: 2,1, 1, 2] Calculator Free

=a -._" "”_. + | _.m-
Leta=1+iandb ™ 1. [13 marks: 2,2,2,3, 4] [TISC]

(a) Expressa and b in exact cis form.

— (a) Sketch the region in the Argand Plane defined by {z : Im(z) = | Re(z) + 1/}.

=1 +i=v2eis

= H I
.

¢HH+1.____mnm__u,mm v

(b) Find 2 exact cis form.

f

ma@ - .ﬁ%E v

(©) Find 2 in exact Cartesian form.

(d) Use your answers in (b) and (c) to find cos W in exact form.

12 12 ] 4
Compare real parts
COsS LI ﬁ..___w._..____mg v
_ 12 4
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Calculator Free

Calculator Free
2
1. () (i) Letz=recis® where 0 <8 <. Show that Arg(z") = 26 2. [8 marks: 2, 2, 2, 2] [TISC)

= (a) Sketch the region in the Argand Plane defined by (z: | z+i| = 1].

= = cis 20 v
!

= __.Sﬂnmu_umm v

m

(i) Sketch the region in the Argand Plane defined by (z: Arg(z%) = M__

circle
centre (0, =1) & radius 1 +

(d) Describe the complex set that defines the region in the Argand Plane shown ___Hﬂ
below. m cepeempenageans
I'm ...q : . FLE .... r
— . | (— ...
Hobd. & L 5 e
.” : . half-line (i = x)
: _ pole

(z: |2-2 | <2 and Re{z) £2) _ S
;S 7 v § EE s
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Calculator Free Calculator Free

2. (¢) Sketch the region in the Argand Plane delined by

3. [10 marks: 2, 2, 3, 3] [TISC]
{z:]z] = arg (z) where 0 < arg (2) < 2n}.

(d) Sketch the region in the Argand Plane defined by
|z:z=cos 8 +1sin 0 where -t <0 <mj.
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Calculator Free

Calculator Free
. - . ¥ v MH .
3. (c) Consider the region in the Argand Plane defined by {z: z"= 2{ . 4. [10 marks: 2, 2, 3, 3] [TISC]

Let z=x+ iy wherexand y are real numbers.
- : . S i
oo fat he Cortesm v ereson B ety (a) Sketch the region in the Argand Plane defined by { z: | z|

1L
2 )

Irm
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(- ) + 2xyi = 2i |
H.Hun_‘_nlnmﬁm.ﬁ_.___nu o
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m
— x =1 v |~

W

circle
centre (0, 0) & radius =/ 2

this region consists of exactly fwo points.

(ii) Hence, show that
Mark these two points clearly on the axes below.
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Calculator Free Calculator Free

4, (c) Sketch on the diagram below the locus of the point z defined by: 5. [11 marks: 2, 2, 3, 4] [TISC]

.—.N” 7M+W+H7 -+ 7.m|nP+H._”.__ _"u“_.“.
(a) Sketch the region in the Argand Plane defined by { z: | z| =5).

Im Im
................ 5 T .
> Re
-5 - - . Re
N
o B -
S S it .| centre (0,0) & radius 5 v
..|-|.....||--|-.|--..”.rm e = =% = e S a . ek T |m
(d) Region R in the Argand Plane is defined by {z: |z-1] = |z +i]} (b) mwﬂgmﬁwmmwﬂngﬁm}HWWHmﬂmbm&mmﬂmmSﬂ:"E.mhmun m_

Region R can also be described in Cartesian form by the inequality
ax + by =0. Find a and b. [Hint: Use a sketch. ]

SN

| Shaded regionisx+yz20
_ Hence,a=1,b=1

- A - | © OT.Lee 18
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Calculator Free Calculator Free

5. (c) Sketch on the diagram below the locus of the point z defined by: 6. [12 marks: 2, 3, 7] (TISC]

T
(z:]z+2 +2il €2ul<arg(z) s Mn,.
(a) Sketch on the diagram below the locus of the point z defined by:

z: lz-2i] 21).

Required Rej-ion Cutside circle

el B

circle v
| centre (-2, =2) & radius2 ¥

(b) Find, in simplest form the Cartesian equation of the locus of the point z

(d) Find, in its simplest form the Cartesian equation of the locus of the point z |
defined by [z-1|=12z-1+2il.

definedby |z-1-il =Re(z+3+4i).

[(x—1) + (y-1)i | =Re(x+3 + 4i) Let z = x + yi.

[(x=1)+yi | = |(x=1)+ (@ +2)i |

[(x=-1)"+ (y-1)"]=x+3

-1)° +(y-1)%= (x +3) -1+ =(@-1)*+y+2)7° v
P -2y-8x-7=0 Y=y +dy +4
iy ==]

1
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02 Complex Numbers I Malliematics Specialist Units 3-& 4 Revislon Series

Calculator Free

6. (c) Consider the complex numbers u =2+ 2iand v=-3 + 331

The Argand diagram below shows the points I, Q,

Im
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Describe the complex numbers represented by each of the points Q, R, 5 and
T using the complex numbers u and v and / or their conjugates.

For example, the point I? represents v - u.

T: u’ or 2(u— )

7. [11 marks: 7, 2, 2]
R, Sand T.

(@) The complex number z where |z| <1, is represented by the point P as

marlked in the Argand diagram below.

Lo Im
[ [
- =
R s i A S AR AR i o — . "
i 1 & "
a= L | o
: . :
Ao el o L = ."
" 1
iy I 4
! i
k ] L |
. ._ ;
Re :
i
[ 1 ' .
....._.J“_“H .
" [ 1
HE EET = i L
! L | i "
el = ala L i
i i i i
u ak L [
] ] r
] ] 1
I.IIII._| H
| - r
=R EE S '
[ [ B
=y = ol | i
L L "
- L | "
i - ."
= | 1
— =i
.

o e e o e R ETE R o=

1
bom R EEE R ER R EEE & F e oE o om i Romom e o wm om om om ol

Mark clearly on the diagram above the points representing the complex
nurmbers:

i) 2 (ii) 22 (iii) +/z (iv) w

2 O.T. Lee 21
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02 Complex Numbers 11

Calculator Free Calculator Free

7. (b) The complex numbers z, and z, are represented by the points A and B in 8. [13 marks: 8, 5] [TISC]

the Argand diagram below. The complex numbers z, and z, can also be
(a) The complex number z where |z| =1, is represented by the point P as

represented by the vectors OA and OB Emﬁmﬁ:ﬁmq. ked in the Argand diagram below
marked in the < < :

Im
A
m
A
® -z vV 2
A B
. «eodf-n- EYEIIET, ok
< . = - > Re
0 a4
—
< “m > f@
\
(1) Describe the vector AB using the complex numbers z and z, where
appropriate. H
}:m =2-2z | vV Mark clearly on the diagram above the points representing the complex
numbers:
(i) -z (ii) —iz (iii) z+ =z (iv) zx Z

(ii) zis a complex number represented by the point Z such that z, -z, = iz.
Mark on the Argand diagram above the position(s) of the point Z.

© O \xo - = — ~ T T > S—— — .
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8. (b) The locus of the complex number z satisfies the equation |z -1 7 = 7 T 7 | 9. [7 marks: 3, 2, 2] [TISC]
Find the Cartesian equation of the locus and hence sketch the locus of =
| | . - | 4i
in the Argand diagram provided below. The complex number z is defined by z = n._..  + m, where a is a real constant.
i i
(a) Rewrite z in the form x + y i where x and y are real.
n
i .
r——, X R . a+ 4 E
: , ¥ = L i —
. I 1+
| _ _(atadi | 4 1-i i
| £ i 1+r 1-i
| _ —h+ai  4-4i ;
| " T3
i | _ m - _Hﬁ__ + M.f. v
| | —
|
<
- - * ;R
4
| | (b) Find the value of a if z lies on the line Im(z) = — Re(z).
_ ,
L4

Letz=x+yI.
|- +yi| = |x-yil v
(k=1 +y =x" +y" ¥ (c) Show that z cannot lie on the curve arg(z) = m.HH
B -+1=2" v =
If arg(z) = thrmﬂ. Re(z) = 0.
=3 ¥ but Re(z) = 6 > 0.

Hence, z cannot lie on arg(z) = e

@ O.T. Lee = - © O.T. Lee 2%
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Calculator Assumed Calculator Assumed

11. [8
10. [8 marks: 3, 5] [TISC) [8 marks]
. The locus of the complex number z satisfies the equation _gw —it MJ =7
Letw=x+yi. Z—1—2i
Find the Cartesian equation of the locus. Hence sketch the locus of z.
: _ ]
(a) If ‘ " = | =1, show that w lies on the line with equation x = 5

W-..u 1+ M.mr..luH

| = |z-1+2i| =2] z-1-2i| v
ulplu;

(x -1+ w+ 27 =4[(x -1 + (v - 2] v
3x% — 6x + Jy° - 20y +15 =0 v
_ -1+ (- 5= y

This is the equation of a circle

., B8
centre (1, :l__“_ and radius —. v
3 3
(b) If | W _|= 3, show that w lies on a circle. Find the equation of this circle.
11—
| |
Y 1l=3 = lw|=311-wl o "
| —w
4y =911 -0 + '] /
gx ~18x + 8y = -9
Q.5 9
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This is the equation of a circle
centre ...Mm, , 0 and radius W v
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